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Abstract.
Suppose P and Q are orthogonal projections between Hilbert C*-modules, then PQ has closed range if and only if ) ( ) ( Q Ran P Ker  is an orthogonal summand, ) ( ) ( except that the inner product, from which the geometry emerges, takes values in an arbitrary C*-algebra A rather than C. Some well-known and fundamental properties of Hilbert spaces like Pythagoras' equality, self-duality, and even decomposition into orthogonal complements must be given up in these modules. They play an important role in the modern theory of C*-algebra, notably, in noncommutative geometry and in quantum groups, see [6] .
A (left) pre-Hilbert * C -module over a (not necessarily unital) C*-algebra A is a left A -module X equipped with an A -valued inner product
, which is A -linear in the first variable and has the properties:
We always suppose that the linear structures of A and X are compatible. A pre-Hilbert A -module X is called a Hilbert A -module if X is a Banach space with respect to the norm [10] is used as a standard source of reference.
Throughout the present paper we assume A to be an arbitrary C*-algebra (i.e. not necessarily unital). We use the notations (.) Ker and (.) Ran for kernel and range of operators, respectively. We denote by ) (X L the C*-algebra of all bounded adjointable operators on X , i.e., all bounded A -linear maps X X T  :
such that there exists
for all X y x  , . In this paper we first briefly investigate some basic facts about closed range operators and Moore-Penrose inverses of bounded adjointable operators on Hilbert C*-modules, then we give some necessary and sufficient conditions for closedness of the range of the product of two orthogonal projections.
Closed submodules of Hilbert modules need not to be orthogonally complemented at all, but Lance states in [10, Theorem 3.2] under which conditions closed submodules may be orthogonally complemented. Let X be a Hilbert Amodule and suppose that an operator T in ) (X L has closed range, then one has:
• the map ) ( * X T L  has closed range, too. The result are extended to unbounded adjointable operators between Hilbert C*-modules in [4] . 
The notation † T is reserved to denote the Moore-Penrose inverse of T . These properties imply that † T is unique and T T † and † T T are orthogonal projections.
Moreover,
 Xu and Sheng in [15] have shown that a bounded adjointable operator between two Hilbert C*-modules admits a bounded Moore-Penrose inverse if and only if the operator has closed range. The reader should be aware of the fact that a bounded adjointable operator may admit an unbounded operator as its Moore-Penrose, see [5, 13, 14] for more detailed information. is an orthogonal summand.
The product of projections
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Proof. Suppose
). is an orthogonal summand. These prove that the conditions (i) and (ii) are equivalent. Now, consider the matrix operator is closed which shows that conditions (i) and (iii) are equivalent.
